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Abstract 

The BRST structure of polynomial Poisson algebras is investi- 
gated. It is shown that Poisson algebras provide non trivial models 
where the full BRST recursive procedure is needed. Quadratic Poisson 
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algebras may already be of arbitrarily high rank. Explicit examples 
are provided, for which the first terms of the BRST generator are 
given. The calculations are cumbersome but purely algorithmic, and 
have been treated by means of the computer algebra system REDUCE. 
Our analysis is classical (= non quantum) throughout. 

1 Introduction 

Polynomial algebras with a Lie bracket fulfilling the derivation prop- 
erty 



are called polynomial Poisson algebras and play an increasingly im- 
portant role in various areas of theoretical physics ||, [2|, ||, ^ ||, [| 0, 
||, [9], |it)|| . In terms of a set of independent generators G a , a = 1, . . . , n, 
the brackets are given by 



[fg,h]=f[g,h] + [f,h]g 



(1) 



[G a , Gb] — C a b(G) 



(2) 
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where C a f, = —Cb a are polynomials in the G"s[|. If the polynomials 
C a b(G) vanish when the G"s are set equal to zero, i.e. if they have 
no constant part, the polynomial algebra is said to be first class, in 
analogy with the terminology for constrained Hamiltonian systems 



(see e.g. [11]). An important class of first class Poisson algebras are 
symmetric algebras over a finite dimensional Lie algebra. In that case, 
the bracket @ belongs to the linear span of the G a 's, i.e. the C a b(G) 
are homogeneous of degree one in the G's, [G a ,Gf,] = C a b c G c . We 
shall call this situation the "Lie algebra case", and refer to the non 
Lie algebra case as the "open algebra case" using again terminology 
from the theory of first class constrained systems [11 ]. 



The purpose of this paper is to investigate the BRST structure 
of first class Poisson algebras. The BRST formalism has turned out 
recently to be the arena of a fruitful interplay between physics and 



mathematics (see e.g. [11] and references therein). A crucial ingre- 



1 We shall restrict here the analysis to ordinary polynomial algebras with commuting 

generators, but one can easily extend the study to the graded case with both commuting 

and anticommuting generators. 

2 It should be stressed that the polynomial algebra generated by the G's, equipped with 

the bracket (j^) is always an infinite-dimensional Lie algebra, even in the "open algebra" 

case. 
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dient of BRST theory is the recursive pattern of homological pertur- 
bation theory [jl^] which allows one to construct the BRST generator 
step by step. In most applications, however, this recursive construc- 
tion collapses almost immediately, and, to our knowledge, no example 
has been given so far for which the full BRST machinery is required 



(apart from the field-theoretical membrane models [13, [Tj]). We show 
in this paper that Poisson algebras — actually, already quadratic Pois- 
son algebras — offer splendid examples illustrating the complexity of 
the BRST construction. While Lie algebras yield a BRST generator 
of rank 1 (see e.g. the BRST charge for quadratic Poisson al- 

gebras can be of arbitrarily high rank. We also point out that BRST 
concepts provide intrinsic characterizations of Poisson algebras. 

In the next section, we briefly review the BRST construction. We 
then discuss how it applies to Poisson algebras, even when the gener- 
ators G a are not realized as phase space functions of some dynamical 
system. We analyze the BRST cohomology and introduce the concepts 
of covariant and minimal ranks, for which an elementary theorem is 
proven. Quadratic algebras are then shown to provide models with 
arbitrarily high rank. These contain "self-reproducing" algebras for 
which the bracket of G a with is proportional to the product G a G\,. 



The first few terms in the BRST generator are also computed for 
more general algebras by means of a program written in REDUCE. 
The paper ends with some concluding remarks on the quantum case. 

2 A Brief Survey of the BRST For- 
malism 

We follow the presentation of [JO]], to which we refer for details and 
proofs. Given a set of independent functions G a (q,p) defined in some 
phase space P with local coordinates (q l ,Pi) and fulfilling the first 
class property [G a ,Gb] ~ 0, where m denotes equality on the surface 
G a (Q,p) = 0, one can introduce an odd generator 0, ("the BRST 
generator") in an extended phase space containing further fermionic 
conjugate pairs (r^Pa) (the "ghost pairs") which has the following 
properties : 

[n,U] = (3) 
n = G a r] a + "more". (4) 

Here, "more" stands for terms containing at least one ghost momen- 
tum V a - We take the ghosts rf to be real and their momenta imagi- 
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nary, with graded Poisson bracket 

[Pa,V b ]=Sa b (5) 

The BRST derivation s in the extended phase space is generated 
by fi, 

s» = [; n] (6) 

and is a differential (s 2 = 0) because of (||). One also introduces a 
grading, the "ghost number" by setting 

gh ?? a = -ghV a = 1, glV = gVi = 0. (7) 

The ghost number of the BRST generator is equal to 1 . 

The BRST generator Q is constructed recursively as follows. One 
sets 

(o) (i) 

n = n + n + • • ■ (8) 

(k) (0) 

where contains k ghost momenta. One has £1 = G a Tj a . The nilpo- 

(/=) 

tency condition becomes, in terms of O, 

(p+i) (p) 

5 Q +D = (9) 
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where L> involves only the lower order f2 with s < p and is defined by 



(p) 

L> = 1/2 



(*0 (p-fc) x (p-fc) 

^[Q, Wig + X^ ^ ' ^ ^ 

fc=0 fc=o 



(10) 



Here, the bracket [ , ] or [g refers to the Poisson bracket in the 
original phase space, which only acts on the q l and pi, and not on 
the ghosts, whereas [ , }-p^ refers to the Poisson bracket acting only 
on the ghost and ghost momenta arguments and not on the original 
phase space variables. The "Koszul" differential S in (||) is defined by 



8pi = 0, 5r, a = 0, 5V a = -G a 



(11) 



and is extended to arbitrary functions on the extended phase space as 

a derivation. One easily verifies that 5 2 = 0. 

W (P+ 1 ) 
Given Q with s < p, one solves @ for ft . This can always be 

(p) 

done because 5D = 0, and because 5 is acyclic in positive degree. One 

(P+2) 

then goes on to £1 etc... until one reaches the complete expression 

(fe) (n-l) 

for Q. The last function £1 that can be non zero is O where n 



is the number of constraints. Indeed, the product r/ ai ■ ■ ■ r/ an r] an+1 of 



(n) (p+1) 

n + 1 anticommuting ghost variables in is zero. The function Q 
is determined by @ up to a <5-exact term. This amounts to making a 
canonical transformation in the extended phase space. 

3 First Class Polynomial Poisson al- 
gebras 

The standard BRST construction recalled in the previous section as- 
sumes that the G a 's are realized as functions on some phase space, 
and allows the C c a b in 

[G a , Gb] = C c a i,G c (12) 

to be functions of q l and However, when the C c a bS depend on the 

g's and p's only through the G a 's themselves, as is the case when the 

GaS form a first class polynomial Poisson algebra, one can define the 

BRST generator directly in the algebra C (V 3 ) <g> C (G 3 ) <g> C (r? 3 ) of 

polynomials in the G"s, the 77's and the "P's without any reference to 

the explicit realization of the G"s as phase space functions^. That is, 
3 In agreement with the notations of , we denote the algebra of polynomials in the 

anticommuting variables V a with complex coefficients by C ("Pa ) , and not by the more 
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the BRST generator can be associated with the Poisson algebra itself. 

The reason for which this can be done is that both the Koszul 

(p) 

differential 5 defined by ( |IT|) and the D in (|i~0| ) involve only G a and 

Cp+i) 

not q l or p, individually. Thus, Q can be taken to depend only 
on G a . The BRST generator is defined accordingly in the algebra 
C(Pb)®C(G 3 )®C(»fc). 

One can give an explicit solution of (||) in terms of the homotopy 
a defined on the generators by 

<jG a = -P a , aV a = aG a = (13) 

and extended to the algebra C (Vs) <S> C (Go) ® C (r/o) as a derivation, 



' = - v °ik- (14) 



One has 

a5 + 5a = N (15) 

(p) 

where counts the degree in the G"s and the Vs. Hence, if D m is 



familiar notation A(V a ). A typical element of C('Pik) is a + bV\ with a,b € 
(^i) 2 = 0. 
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(p) 



the term of degree m in (G,V) of D, a solution of @ is given by 



(p+i) 



n = -J^l/m 



(p) 



(16) 



V J 



(p) 



since 5D = [11] and m > (one has m > p and for p = 0, m > 1 



(0) (0) 

because [fi, fi] contains G a by the first class property). 

It should be stressed that the partial derivations d/dG a in(|l4|) are 
well defined because the functions on which they act depend only on 
on G a . For an arbitrary function of q l ,Pi, dF/dG a would not be well 
defined even if the constraints G a are independent (i.e. irreducible) as 
here. One must specify what is kept fixed. For example, if there is one 
constraint p\ = on the four-dimensional phase space (g 1 , Pi) , (q 2 ,P2)> 
then dp2/dpi = if one keeps q , q 2 and p2 fixed, but dp2/dp\ = 1 if 
one keeps q , q 2 and p2 — P\ fixed. Note that the subsequent develop- 
ments require only that the C a b c be functions of the G a , but not that 
these functions be polynomials. We consider here the polynomial case 
for the sole sake of simplicity. 

As mentioned earlier, the solution (16) of the equation (B) is not 
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unique. We call it the "covariant solution" because the homotopy a 



defined by (14) is invariant under linear redefinitions of the generators. 



Example: for a Lie algebra 

[G a , Gb] = C C abG c (17) 
the covariant BRST generator is given by 

n = G a rf - l/2V a C a bcV c V b . (18) 

Its nilpotency expresses the Jacobi identity for the structure constants 

(p) 

C a bc . One has Q = for p > 2. 

In general, the BRST generator Q for a generic Poisson algebra 
contains higher order terms whose calculation may be quite cumber- 
some. However, because the procedure is purely algorithmic, it can 
be performed by means of an algebraic program like REDUCE. 

The cohomology of the Poisson algebra may be defined to be the 
cohomology of the BRST differential s in the algebra C (7 7 a)®C (Go)® 
C(?7o). Because s contains 6 as its piece of lowest antighost number 
(with antigh('P a ) = 1, antigh (anything else) = 0), and because 5 pro- 
vides a resolution of the zero-dimensional point G a = 0, standard 
arguments show that the cohomology of s is isomorphic to the coho- 
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mology of the differential s' in C (t? 3 ), 

s'r] a = l/2C a 6c r/V (19) 

where C a b c is defined by 



<~> be 



(20) 



G=0 



dG a 

The C a f, c fulfill the Jacobi identity so that s' 2 = 0. Hence, they 
are the structure constants of a Lie algebra, which is called the Lie 
algebra underlying the given Poisson algebra. 



Because of (19), the BRST cohomology of a Poisson algebra is 
isomorphic to the cohomology of the underlying Lie algebra. For a 
different and more thorough treatment of Poisson cohomology, see 



4 Rank 

Again in analogy with the terminology used in the theory of con- 
strained systems, we shall call "covariant rank" of a first class polyno- 
mial Poisson algebra the degree in V a of the covariant BRST generator. 
This concept is invariant under linear redefinitions of the generators 
because the covariant BRST generator is itself invariant if one trans- 
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forms the ghosts and their momenta as 

G a - G a = A a b G b (21) 
V a -> V a = A a b V b (22) 
^ _> ^ = (A" 1 )^^ 6 (23) 

We shall call "minimal rank" the degree in Pa of the solution of 

(p+i) 

[Q, Q] = of lowest degree in V (i.e., one chooses at each stage SI in 
such a way that O has lowest possible degree in V). It is easy to see 
that for a Lie algebra, the concepts of covariant and minimal ranks 
coincide. As we shall see on an explicit example below, they do not 
in the general case. 

Now, for a Lie algebra, the rank is not particularly interesting in 
the sense that it does not tell much about the structure of the algebra 
: the rank of a Lie algebra is equal to zero if and only if the algebra is 
abelian. It is equal to one otherwise. For non linear Poisson algebras, 
the rank is more useful. All values of the rank compatible with the 
trivial inequality 

rank < n — 1 (24) 

may occur. Thus, the rank of the BRST generator provides a non triv- 
ial characterization of Poisson algebras. Conversely, non linear Poisson 
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algebras yield an interesting illustration of the full BRST machinery 

(i) 

where higher order terms besides are required in f2 to achieve nilpo- 
tency. 

5 Upper bound on the rank 

One can understand the fact that the rank of a Lie algebra is at most 
equal to one by introducing a degree in C (Vs) <8> C (Go) (g) C (7/3) 
different from the ghost degree as follows. 

Theorem 1 Assume that one can assign a "degree" n a > 1 to the 
generators G a in such a way that the bracket decreases the degree by 
at least one, 

degG a = n a , deg([G a , G b ]) < n a + n b - 1. (25) 
Then, one can bound the covariant and minimal ranks of the algebra 

by E a K - 1) + 1, 

r < J2(n a - 1) + 1 (26) 

a 

In the case of a Lie algebra, one can take n a = 1 for all the gen- 
erators since deg([G a ,Gb\) is then equal to one and fulfills (|25|). The 
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theorem then states that the rank is bounded by one, in agreement 
with (|1|). 

Proof Assign the following degrees to rf and "P a , 

deg rj a = -n a + 1, deg V a = n a - 1 (27) 

If 5 A = B and deg B = b, then deg A = b — 1 since 5 increases the 

(o) 

degree by one. Now O = G a rj a is of degree one. It follows that 

(0) (0) (0) (0) 

[0,0] = [0,f2] or jg is of degree < 1 and hence, by @ and (|To|), 

(1) (AO 

deg Vt < 0. More generally, one has deg 0, < — k + 1. Indeed, if this 
relation is true up to order k — 1, then it is also true at order k because 
in 

(fc) (r) (s) (r') (s') 

£0 ~ [0,0] orig + [0, n] Pi „ (28) 

(r + s = k — 1, r' + s' = k), the right hand side is of degree < —A; + 2. 

(fc) 

Thus deg < -A; + 2 - 1 = -k + 1. 

But the element with most negative degree in the algebra is given 

by the product of all the ??'s, which has degree — ^2 a (n a — 1). Accord- 
ed 

ingly, is zero whenever — k + 1 >= — ^2 a (n a — 1), which implies 
r < X^ a ( n « — 1) + 1 as stated in the theorem. ■ 
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Remarks: 

1. One can improve greatly the bound by observing that the 77's 

do not come alone in Q. There are also k momenta V a which 
carry positive degree. This remark will, however, not be pursued 
further here. 

2. One can actually assign degrees smaller than one to the genera- 
tors G a . For instance, in the case of an Abelian Lie algebra, one 
may take degG a = 1/2, degr] a = l/2,deg'P a = —1/2. Because 

the degree of a ghost number one object is necessarily greater 

(fc) (k) 
than or equal to 1/2, the condition deg fl < — k + 1 (if Q ^ 0) 

(k) 

implies Q = for k > 0. 

6 Self-reproducing algebras 

While Lie algebras are characterized by the existence of a degreee 
that is decreased by the bracket, one may easily construct examples of 
Poisson algebras for which such a degree does not exist. The simplest 
ones are quadratic algebras for which [G a , Gb] is proportional to G a , G^ 

[G a , Gb] = M a bG a Gb no summation on a, b (29) 
16 



with M a b = —Mba. The Jacobi identity is fulfilled for arbitrary M's. 
Since deg(G a Gb) = n a + rib, the inequality (25) is violated for any 



choice of n a . Because [G a ,Gb] is proportional to G a Gb, we shall call 
these algebras "self-reproducing algebras" . 

The most general self-reproducing algebra with three generators is 
given by 

[G U G 2 ] = aG x G 2 (30) 
[G 2 ,G 3 ] = (3G 2 G 3 (31) 
[G 3 ,Gi] = 7C1G3. (32) 

This Poisson algebra can be realized on a six-dimensional phase space 
by setting 

Gi = exp(p 2 + aq 3 ), G 2 = exp(p 3 + /3qi), G 3 = exp(p 1 + -yq 2 ). (33) 

The covariant BRST charge for this model is equal to 

U = r 1 1 G 1 +i 1 2 G 2 + rfG 3 + (34) 
1/2 (a j] 2 r] 1 V 2 d-ar] 2 V l V x G 2 -(3rf V 2 V 3 G 2 

-f3ifrj 2 V 2 G 3 + 1 ifr l l V 3 G l + 1 ifr, 1 V l G 3 ) + 
l/12((-a/5 + 2a 7 -/3 7 )r ? 3 V 3 V 2 G X + 
(-2a/3 + a 7 + /3 7 ) rf rj 2 r, l V 3 ViG 2 + 
17 



{-a(3-a 1 + 2l3 1 )ifrj 2 r, 1 V 2 Vi G 3 ) 

and is of rank 2 (the maximum possible rank) unless a = /3 = 7, or 
a = (5 = 0, 7 7^ 0, in which case it is of rank 1. 



7 Examples 



We now give the BRST charge (or the first terms of the BRST charge) 
for some particular Poisson algebras. The examples have been treated 
using REDUCE, using the treatment of summation over dummy in- 



dices developed in [16, [L7]]. Details of the implementation of the BRST 



algorithm can be found in [18]. All dummy variables are noted as di 
where i is an integer. Unless stated otherwise, there is an implicit 
summation on all dummy variables. For the examples in which the 
Jacobi identity is not trivially satisfied, the expressions have been nor- 
malized so that no combinations of terms in a polynomial belongs to 
the polynomial ideal generated by the left hand side of the Jacobi 
identity. In particular, polynomials in this ideal are represented by 
identically null expressions. 
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7.1 Self- Reproducing Algebras 

As we have just defined, the basic Poisson brackets for the generators 
G d of the self-reproducing algebra are given by 

[G dl ,G d2 ] = M dld2 G dl G d2 (35) 

without summation over the dummy variables d\ and di . The matrix 
M is antisymmetric, but otherwise arbitrary. 

The seven first orders of the covariant BRST charge are given by 



(0) 

n = G dl ^ 



n _ °di M dld2 rf*_ rf*> V d2 



(2) 

- (G dl M dld2 Tp* V d:i V d2 V d3 (M dlds + M d2d3 )) 



n = 



12 



(3) 

- (G dl M dld2 M dld4 M d2d:i rf* 1 V d2 r, di V d * V d2 V ds V d4 ) 



9. 



24 



(4) 



n = (G dl n dl V d2 r] d:i rf* rf* V d2 V da V di V dh 
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(- (M dld2 M dldz M dld4 M dld5 ) + 4M dld2 M dldi M dlds M d2ds 
+ 2 M dld2 M dld4 M d2d . A M d4d5 + M dld2 M dld5 M d2dz 
M d2d4 - M dld2 M d2d[i M d2d4 M d2dh - M dld4 M dld5 
M d2dz M d2d4 - 2 M dld4 M d2d3 M d2d4 M d4d5 + M dxdh 
M d2dz M d2d4 M d2dh - M dld5 M d2dz M d2d4 M did5 )) /720 

(5) 

n = [c d2 M dld2 M dzd4 ^ rf* n d3 rf* rf* n ds v dl v dz v d4 r d5 v d6 

(- (M d2dz M d2d5 M d2d6 ) + 2 M d2dz M d2d5 M d5d6 + M d2(lz 
M d2d6 M dzds - M d2dz M dzd5 M dzdfi - M d2ds 
M d2d6 M dzd5 -2M d2d5 M dzd5 M d5d6 
+ M d2d6 M dzd5 M dzd6 - M d2d6 M d3d5 M dsd6 )) /1440 

(6) 

n = (G d3 ^ rf* ^ r, ds r, d ° ^ V dl V d2 V d4 P d5 v d6 v d7 
(- (M dld2 M dldz M dld& M d2d4 M d4d5 M d6d7 ) - M dld2 M dld . } 
M d2d4 M d2d6 M d4d5 M d6dT + 2 M dld2 M dldz M d2d4 
M d4d5 M did6 M d4d7 + M dld2 M dldz M d2d6 M d4d5 M did6 
M d6d7 - 2 M dld2 M dldz M d2d7 M d4d5 M d4d6 M d4 d 7 
+ 2 M dld2 M dldz M d2d7 M d4d5 M d4d6 M d6d7 
- 2 M dld2 M d2dz M d2d4 M d2d6 M d4d5 M d6d7 
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- 13M dld2 M d2d:i M d2di M d3d6 M did5 M d6d7 
+ 4 M dld2 M d2d:j M d2di M did5 M dAdli M didr 
+ 2 M dld2 M d2d3 M d2d6 M d4d5 M d4d6 M d6d7 

- 4 M dld2 M d2d3 M d2d7 M d4d& M d4d6 M d4d7 
+ 4 M dld2 M d2d3 M d2d7 M d4ds M d4d6 M d(jd7 

- 2 M dld2 M d2d3 M dsd4 M d3d6 M d4dh M d&d7 

+ M dld3 M dld4 M dld6 M d2d6 M d4dh M d(jd7 - 2 M dld3 
M dld4 M d2d4 M d4d5 M d4d6 M d4d7 + 5 M dld3 M dld4 
M d2d7 M d . id7 M d4d5 M d4d6 + M dld3 M dld6 M d2d3 M d , 2d4 
M d4d5 M d6d7 -2M dld3 M dld6 M d2d6 M d4d5 M d4d(i 
M d6d7 - 5 M dld3 M dld6 M d2d7 M d3d7 M d4dh M did6 
+ M dld3 M dld7 M d2d7 M d4d5 M d4d6 M d4d7 - M dld3 M dld7 
M d2d7 M d4dh M did( . M d(>d7 - M dld . 3 M d2d3 M d2di M d2d(j 
M dids M ded7 - 8 M dld3 M d2d3 M d2di M d3d(j M d4dh M ded7 
+ 2 M dld3 M d2d3 M d2d4 M d4d5 M d4d6 M d4d7 
+ M dld3 M d2d3 M d2d6 M d4d5 M d4d6 M d6d7 - 2 M dld3 
M d2d3 M d2d7 M d4ds M d4d& M d4d7 + 2 M dlda M d2di3 
M d2d7 M d4dh M d4d6 M d6d7 - 2 M dld3 M d2d3 M d . }d4 
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M d3d5 M d . id(> M dzd7 + 12 M dldz M d2d3 M dsdi M d . id(> 
M d . id7 M d4dr> - 6 M dld . 3 M d2d3 M d3d4 M d . id6 M d4ds 
M de>d7 - 5 M dld3 M d2d3 M d3d4 M d3d7 M d4db M d4<k 
+ 5 M dld3 M d2d3 M d3dA M d4d& M d4d6 M d4d7 
+ 5 M dld3 M d2d3 M d3d6 M d3d7 M d4d5 M d4d6 
+ 13 M dlds M d2d3 M dsd6 M d4d5 M d4d6 M d6d7 

- 5 M dld3 M d2d3 M dzd7 M d4dh M d4d6 M d4d7 
+ 5 M dld3 M d2d3 M d3d7 M d4d5 M d4d6 M d6d7 
+ 2 M dld3 M d2d4 M d3d4 M d4d5 M d4d6 M d4d7 

- 8 M dld . 3 M d2d(j M d3di M d3d& M did5 M d6dr 
+ 2 M dld3 M d2d(j M d3d(j M did5 M didf . M d(jd7 

- M dld3 M d2d7 M d3d7 M d4d5 M d4d6 M d4d7 

+ M dld3 M d2d7 M d3d7 M d4d5 M d4d6 M d6d7 - 2 M dld4 
M d2d4 M d:jd4 M d4dh M d4d(i M d4d7 + M dld4 M d2d(i M d3di 
M d3dfi M d4dh M d&d7 + 5 M dldfi M d2d6 M d . 3d4 M d . 3d(i 
M d4d5 M d6d7 -8M dld6 M d2d6 M d3d6 M d4d5 M d4d(i 
M df , d7 - 2 M dldr M d2d7 M d . 3d(i M d . id7 M d4d5 M d4d@ 
+ 6 M dld7 M d2d7 M dzd7 M d4d5 M d4d6 M d4d7 - 6 
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M dld7 M d2d7 M d3d7 M d4d5 M d4d6 M d( . d7 )) /60480 

These expressions are not particularly illuminating but are of in- 
terest because they generically do not vanish and hence, define higher 
order BRST charges. This can be seen by means of the following ex- 
ample, in which only the brackets of the first generator with the other 
ones are non vanishing, and taken equal to 

[Gi,G a ] = G 1 G a = -[G a ,G 1 ] (a = 2,3,...,n), (36) 
[G a , Gp] = 0. (37) 

For this particular self-reproducing algebra, all orders of the covariant 
BRST charge can be explicitly computed. One finds 

(o) 

n = r?G a (38) 

(fc) (k) (*) 

n = a k {T l + (-) k+l T 2 ) (39) 

where 

(fe) 

Ti = G 1 ri ai ---ri "'ri 1 V ai (40) 

(fe) 

T 2 = G ak r l ^--- V ^ V 1 V 1 V ai ---P ak _ 1 (41) 
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and 



ai = -1/2, ol 2 = -1/12, a 3 = (42) 

j fe-3 

= ~ F+I a m«fc-«-i for A; > 3. (43) 

This can be seen as the only non zero brackets involved in the 
construction of the BRST charge are 

(fc) (0) (fc) 

[Tx^Jorig = (-) fc+1 S (44) 

(fc) (0 (fc+i-i) 
[Tx.Ta]^ = R^ +1 ) 5 , (45) 

where 

(fc) 

5 = GiG a r] ai ■ ■ ■ r^r/V^x ■ ■ ■ Va k . (46) 
We further have 

(fc) (fc+i) (fc+i) 

aS = {-) k+1 T 2 - Ti (47) 

Given these relations, it is straightforward to verify (39). First, one 
easily checks that (39) is correct for k = 1 with a\ equal to 1/2. Let 
us then assume that (39) is true for k = 0, 1... up to p. One then 
obtains 

(p) (p) 

D = (3 P S (48) 
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with (3 p given by 

p-1 p-2 

(3 P = (-) p+1 a p - V+i« P - fc = - ^(-) p(fc+1) a fc+ i« P - fc 

k=0 k=l 

(49) 

(p+i) 

from which one gets, using p7|), that $7 is indeed given by (39) with 



a p+ i equal to 



°>» = ^ (50) 



Observe now that = for fc odd, k ^ 1. This can again be shown 
by recurrence. First note that «3 = 0. Now let p be even, p > 3. 
Suppose afc = for k odd, 1 < k < p. All terms in the relation 
defining /3 p are proportional to an a m with m odd, 1 < m < p, since 
k + 1 and p — fc have opposite parities. Therefore, /3 p = = a p +i and 
thus afc = for fc odd, k > 1. Accordingly only with even can be 
different from zero. The expression for a/, reduces then to (43) since 
k + 1 must be even in (49). 

Although 0^ = for k odd, k > 1, one easily sees that < for 
k even. This is true for k = 2 as «2 = —1/12. Let p be even, and 
suppose a m < for 1 < m < p, m even. Then, all terms in the sum in 
the recurrence relation (43) are strictly positive, so that a p < 0. Since 



a p ^ 0, the quadratic algebra (|36|) provides examples of systems with 
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arbitrarily high covariant rank. 

Note also that the minimal rank is equal to one: indeed, the non 

covariant BRST charge given by 

(o) (i) (i) (i) 

n = n + n + (r i - r a )/2 = r, a G a - G^rfVx (5i) 

is nilpotent and 

(i) (i) 

6(T i - T 2 ) = (52) 

so £1 is indeed a valid BRST charge. This shows that the minimal and 
covariant ranks are in general different. 

Finally, it is easy to modify slightly the basic brackets so as to 

(k) 

induce non zero covariant ft with k odd. One simply replaces (^) by 
[G n -\,G n ] = G n -\G n = — [G n , G n -i] (53) 
[G u G n ] = -GiG n , (54) 
[Gi,G a ] = G\G a (a^n). (55) 

7.2 Purely Quadratic Algebras 

A generalization of the above is the pure quadratic algebra. The basic 
Poisson brackets are then given by 

[G dl ,G d2 ] = D d d l d d *G d3 G d4 (56) 
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where -D^icfe * s an ti s y mme t r i c i n 4,4 and symmetric in 4>4- The 
Jacobi identity implies that 

D tt D dtZ + symm(4, 4, 4) + cyclic^, 4, 4) = (57) 
The first orders of the covariant BRST charge are given by 



(0) 



(2) 

n = 



n = G dl rf 



o _ D ti v di t. Vd * 



D%% D%t V dl V d2 V d4 V d5 



(3) 



- (dZZ D tt D tt G ^o v dl v d3 ^ r d5 r d(i v d7 ) 
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(4) 



Q = ^ ^ ^ ^4 ^ V ^ ^ ^ 

( 3 D dl f 6 D dl f 9 D dllds D d , lod , 7 G d „ +4D dl0 / 9 D dl3 / 6 D a , 

V aia'2 d^d^ d\^d% "12013 u n (2304 d^d'i d 

Kit Gd 12 -4D d ? d f B&i D d d H d l D%£ G dll )) /360 
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(S) 



Q = (d%£% G dl4 ^ rf- ^ ^ r,** t,"* V d7 V d , V do V dw T dl 

I _ 1 2 jjdisdu jjdi2(l$ j^disdg\ . g jjdiads j^d\2d\\ 

\ \ d\d2 d^de, ^15^3 dic,d 4 J did-j d 4 ds 

D d 15 d 7 D d 13 d 9 _ 4D d 12 d 11 D d 15 dr D d 16 d 9 jydi 3 <k\\ / 720 
d6d2 "15"16 "4"5 agdi d^dz "i6"2 J J I 

(6) 

n = (77* rf* r) d3 ^ rf* rf« ^ V da V da V dw V dll V dl2 V dl3 
■\dirds n d i6 rf i3 n d i5 rf i2 n^is^n n^i^io r>di 4 dg 



a piOiras 7-)"i6"i3 -p,a\z,ai2 riaisciii 7-jaigaio p,ai 4 ag (~i 
U fiid 2 ^dedr cii 4 (2 5 ^d^dx-j Jy d 1 $d 4 ^19^3^15 

— Q D^isds jjdigdg jjdiQdis jjdi^d^ jjd^dio jjd^dn q 

dld 2 d$d 4 d^d? di 4 d^ dicdiY d\gd\g "15 

I 22 Jjdisdg jjdigdg j^dndrs j^di%d\2 jjdmdu jjdndio q 

d\d2 d^d 4 d^dj d\ 4 d\^ dndis digd$ "16 

_in rWis^s n^ 16 ^i3 n^ 15 ^ 12 r>^ 17 ^ r>di 4 dn n^w^io ^ 

lu (ii(i 2 ^6^7 d 14 d 5 ^d^d?, ^d 17 d 19 ly d ls d 4 ^d 15 

I 24 jjdigds jjdiadis -Qd\r,di2 j^di 4 dn j^digdio j-ydndg q 
' d\d2 d§d 7 d 44 ds diQdn d\$d 4 d\gds "15 

— 4 D^ 18< ^ 8 £)<^17^13 Y)d\§d\2 Y)d\$d 9 j-yd\gd\\ jjdi 4 d\o q 

d\d2 d^d 7 d\ 4 d\5 d\ 7 d 4 d\%d<$ d\gd% ^16 

I ^ Y)d\gd% jjdigdis jjdi$di2 jjdisdn jjd\ 4 dg j^dndio 
' d\d2 d(jd 7 di 4 d§ ^16*^17 ^18^3 digd 4 

Q , — g Jjdisdg jjdi 4 d\z jjdnd^ j-ydi^d^ jjdigdu 
"15 ^1^3 d^da d-jd2 d\ 4 d\c, d\ 7 d\% 

jjdj 5 dio q _ ^ jjdjgdg jjdi 4 dn jjdndg jyl\§d\2 
d\gd 4 "16 did$ d^dfi d 7 d2 d\ 4 d\§ 

jjdi 5 dn jjdigdio q _ -^g jjdi 4 di3 j-^d^dg jjdi@di2 
dndi S digd 4 die d r>dfi d?dl d i4 di^ 

Jjdigdji Jjdigdu) jjdisdg q . ^g^)rfl6^13 Jjdi 5 di2 

d\-jd 4 digds digd2 "16 ' ^6^7 <^14<^5 

Kit D Zt Kit D Zt G iu )) /15120 
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Again, these expressions are not particularly illuminating. The 
point emphasized here is that the calculation of the BRST charge is 
purely algorithmic and follows a general, well-established pattern. 

Since homogeneous quadratic algebras contain the self-reproducing 
algebras as special case, they are generically of maximal covariant 
rank. More on this in fi~9[| . 

7.3 L-T algebras 

We now consider adding a linear term to the quadratic algebra above. 
The basic Poisson brackets for the generators G d are given by 

[Gd! ,G d . 2 ] = Cf id2 G dz + Df^Gds G di (58) 

where C^ d and D%^£ are antisymmetric in d\,d2, and D^j* is sym- 
metric in c?3, d&. A particular instance of such an algebra is given by 
Zamolodchikov algebras We will start with a specific example, 
and consider general quadratically nonlinear Poisson algebras next. 

The generators in the example are assumed to split into L a and 
Tb, a = 1, . . . ni, b = n\ + 1, . . . , n, with the brackets 

[Lai,L a2 ] = C a ^ a2 L a3 

[L ai ,T bl ] = C a a l bi L a2 + C b a l h T b2 (59) 
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[T bl ,T b , 2 ] - C^ b2 L ai + C^ b2 T b3 + f)l\H L ai L a2 

so that contractions of D are impossible. 

Going back to the notations = {L a ,T b }, d = l,...,n the 
Jacobi identity imply 

CdUA, + cycUc(d l5 d 2) d 3 ) = (60) 
{<S< 6 rf4 +symm(d5,d6)}+^ 2 < 5 S+cyclic(d 1 ,d 2 ,d3) = (61) 

and contractions of D vanish. 

For instance, the conditions (59) are fulfilled if one takes for the 



L's the generators of a semi-simple Lie algebra and take the T's to 
commute with the L's and to close on the Casimir element: 

[L a ,T b ] = (62) 
[T bl ,T h ] = 5 blb2 k a ^L ai L a2 (63) 

where k aia2 is the Killing bilinear form. The Jacobi identity is verified 
because the Casimir element commutes with the L's. 

The previous theorem on the rank yields, by taking n(l) = 1 and 
n (T) =3/2, that the rank is bounded by l/2m + 1, where m is the 
number of T-generators. Actually, the rank is much lower, since the 
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covariant BRST charge is computed to be 



n = \ c tU, v dl ^ t>* + Ya ° d ^ D ^ ° d ^ vdl ^ 

V d " V d4 V d5 V d7 V d6 + \ D d d f d l G di rfi V d2 V dz + G dl V dl 



which is identical to the result in [20]. 



7.4 Generalizations 

The previous L-T algebras can be generalized in various directions. 
One may consider the general quadratic non homogeneous Poisson 
structure 

[G dl , G d2 ] = Cf id2 G dz + D d d f/G d3 G d4 (64) 
C&fa ** + cychc^x, d 2 , 4) = (65) 
{Kt C % d , + d 6 )} + C% d D d d f d l + 

cyclic (di, da, d^) = (66) 
D tt D tZ + symm(d 5 , d 6 , d 7 ) + cyclical, da, da) = (67) 

with C d d \ d2 and D d d f d \ antisymmet ric in d±,d 2 , and D d ^ d ^ symmetric in 
c?3 , d4 . One may also include higher order terms in the bracket while 
preserving the existence of a degree decreased by the bracket, as in 
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the so called spin 4 algebra : 



[Lai i La2\ 


— C a f a2 L ai 


(68) 


[L ai , Tbi ] 


r&2 rp 

- U a 1 b 1 1 b2 


(69) 


[L ai ,W cl ] 


= C? 1C1 W C2 


(70) 


[Tbn Tb 2 ] 


= C bib 2 L ai + C bib 2 Tb 3 + D b\bl L ^ L a2 


(71) 


[T bl ,W Cl ] 


= Cl 2 iC T b2 + D^L ai T b2 


(72) 


[W C1 ,W C2 ] 


/Til r i D a i a 2 T T i paia2«3 T T T 

°ciC2 ij ai + Lj c x c2 lj a 1 J->a 2 + ^ C1 C2 L 'a.^ 'a 2 L 'a 3 


.(73) 



If one sets n(L) = l,n(T) = 3/2, L(W) = 2, one gets n{[A,B}) < 
n(A)+n{B). 

We have checked, using REDUCE, that in both cases the first 
seven terms in fi are generically non zero. 

8 Conclusion 

We have shown in this paper that polynomial Poisson algebras provide 
a rich arena in which the perturbative features of the BRST construc- 
tion are perfectly illustrated. We believe this to be of interest because 
models of higher rank are rather rare and are usually thought not to 
arise in practice. Non polynomial Poisson algebras(e.g. of the type 
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arising in the study of quantum groups) can also be analyzed along the 
same BRST lines and should provide further models of higher rank. 

We have not discussed the quantum realization of Poisson alge- 
bras, and whether the nilpotency condition for the BRST generator is 
maintained quantum-mechanically. This is a difficult question, which 
is model-dependent. Indeed, while the ghost contribution to Q 2 can 
be evaluated independently of the specific form of the G a 's in terms 
of the canonical variables (q l ,Pi) (once a representation of the ghost 
anticommutation relations is chosen) , the "matter" contribution to Q 2 
depends on the "anomaly" terms in [G a ,Gb], which, in turn, depend 
on the specific form of the G a S- It would be interesting to pursue this 
question further. 
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